Abstract. In this paper, we establish some quantity relationships between the dynamics of circular cylinder wakes and the rotation speed of the cylinder. It has been shown analytically that rotating the cylinder can regularize the flow behavior, and delay the transition from steady flow to turbulent flow. The work needed to overcome the drag exerted on the cylinder is provided.
1. Introduction. Study of the circular cylinder wake flow has received more and more attention in recent years. This configuration appears in a wide range of aeronautical, civil, mechanical and chemical engineering applications (see, e.g., [3] , [9] , [11] , [27] , [26] , and references therein). In practice, the circular cylinder wake flows tend to be unstable and become turbulent at rather low Reynolds number, hence it represents a typical archetypal unstable flow in fluid dynamics. Moreover it is the reduction of more complex configuration to a simple model which can be treated mathematically yet exhibits the nature of complex flow behavior. For example, a simplified wake, created by a circular cylinder in compressible cross flow, has been used to model the energy separation and base pressure fluctuation [1] . It was recently found that studying the flow past a cylinder can help in understanding two oceanographic phenomena: separation of the Gulf Stream from the North American coastline at Cap Hatteras and the interaction of the Antarctic Circumpolar Current with topographic obstacles [25] .
Let us describe the flow behavior when it passes a cylinder. Let u(t) denote the velocity field of the wake flow (here u(t) is the symbolic notation for a function of the space variable ξ). When Re based on cylinder diameter and free stream velocity is small (Re < 40), the velocity field is stable and attracts all of the orbits. In this case the flow is fully laminar. When 40 < Re < 50, steady vortices form behind the cylinder (see Figure 1) . Typically, for t → ∞, u(t) will converge to a stationary solution u(t) → u s , as t → ∞, 723 the limit solution depending on the initial condition u 0 . In this case the flow is still steady. When Re is greater than approximately 50, a Hopf bifurcation occurs, i.e.
where ϕ is a time-periodic solution of the system. After the Hopf bifurcation has occurred, the flow never becomes stationary again. In fact it is time periodic. In this case von Kármán vortices move in the flow direction and new vortices appear on the downstream face of the cylinder in a seemingly time-periodic manner, namely, vortex shedding (see Figure 2 ). Finally, for Re large enough, we reach the stage of chaos where u(t) looks completely random for all time, and a Fourier analysis leads to a sideband continuous spectrum. In this case, a fully turbulent and completely unstructured flow appears in the wake of the sphere. The flow is nonstationary for all time. Let S be an attractor in appropriate topology, then
which is in the sense that distance of u(t) to S tends to zero as t → ∞. Here S is an invariant subset of the phase space H and is complicated. It can be a fractal set, such as a Cantor set or the product of a Cantor set with an interval. When t is large u(t) wanders on S or near S, and the complicated convolutions of S give rise to the complicated form of the flow. In a sense, this explains the chaotic appearance of the flow and pictures turbulence by chaotic behavior with respect to time. Increased attention has been devoted to the development of techniques capable of enhancing our ability to control unsteady flows in a wide variety of configurations and applications. Controlling the flow in and around these configurations can lead to greatly improved efficiency and performance [4] , [22] , [23] , [24] , [2] , [20] , and [28] . It is well-known from the experiments that applying the boundary control by a rotation of the flow around a circular cylinder can lead to 30 to 60% drag reduction, compared to the fixed cylinder configuration, for Reynolds numbers in the range of 200 to 1000 [26] . The significant drag reduction by rotating the circular cylinder is due, in part, to its bluntness which makes for strong interaction with outer flow, and to its continuous surface, on which the point of separation is free to move from one position to another.
The aim of controlling the cylinder wake flow is to reduce the drag, to regularize the flow (e.g. suppress the flow-induced noise), or a combination thereof. The control method is either to delay the transition from laminar flow to turbulent flow, or to prevent flow from separation. In any case, suppressing of the level of turbulence is desirable.
Although some research on boundary control for Navier-Stokes systems in either analytical study or experimental approach are available (see e.g. [8] , [11] , [26] and references therein), a quantitative relationship between the flow velocity field and the rotating action on the cylinder has not been seen yet. In this paper, we provide some quantitative connection between the rotation of a cylinder and the wake flow field behavior, as well as the work needed to overcome the drag exerted on the cylinder. We first compute the loss of kinetic energy of the system by using Divergence theorem and Stokes's theorem as the flow crosses the cylinder. Then we analyze the spectrum of the linearized Navier-Stokes equations, which indicates that rotating the cylinder can push the eigenvalues of its linearized version toward the left half-plane. We also show that the system undergoes a Hopf bifurcation as the Reynolds number is increased. Finally, we establish a connection between the rotating speed and the work due to the drag exerted on the cylinder.
2. Problem Description. The system governing the general evolution of fluid flow are known as Navier-Stokes equations. It describes the conservation of mass and momentum. For a viscous incompressible fluid, the equations are
where ρ > 0 is the density of the fluid that is constant, μ > 0 is the kinematic viscosity, and f represents volume forces that are applied to the fluid. Alternatively, equation (3) can be considered as the nondimensionalized form of the Navier-Stokes equations in which case u, p, f are nondimensionalized quantities and the kinematic viscosity μ/ρ := ν is replaced by Re −1 , Re representing the Reynolds number
where U and L are the typical velocity and length used for the nondimensionalization.
3. Flow Past a Rotating Cylinder. Let Ω be the region exterior to a disk with radius a. We consider the dynamics of fluid moving past a rotating cylinder; governed by the Navier-Stokes equations:
where γ is the angular speed (can be time-dependent) of the cylinder, and U ∞ = (u ∞ , 0) is the free stream velocity. Let w = u − U ∞ . Then w satisfies equations:
For the mathematical setting of this problem we consider a Hilbert space X which is a closed subspace of
Another useful space is V , a closed subspace of
V is endowed with the scalar product
and the norm kuk = (u, u) 1 2 V . 3.1. Energy estimation. For fluid moving in the domain Ω with velocity field u, the kinetic energy contained in Ω is given by
where kuk = u 
which is an averaged measure of fluid vorticity [7] .
Theorem 3.1. Let Ω be a region exterior to a bounded region whose boundary consists of finitely many smooth curves. The energy for w can be represented as
where n is the exterior normal vector of Ω, w satisfies the equation:
Proof: Notice the identities:
Using the Stokes's theorem and Divergence theorem, the conclusion follows. Theorem 3.1 essentially says that the energy of the system at time T is equal to the sum of the initial energy, the energy gain (or loss) on the boundary, the work done by the free stream, minus energy dissipated due to viscosity. Now we consider the case we are interested in this paper, that is, Ω is the region exterior to a disk with radius a and the disk is rotated with a speed γ(t).
Corollary 3.1. The explicit relation between the energy w and the rotation speed γ is shown as follows:
Proof: Let (x 1 , x 2 ) be on the boundary of Ω, that is, (x 1 , x 2 ) satisfies x 2 1 + x 2 2 = a 2 . Recall w = u − U ∞ and we denote w = (w 1 , w 2 ). Then according to the boundary condition, we have
Let ∆x 1 > 0. Note that when x 1 < 0 lim ∆x 1 →0 w 1 (x 1 + ∆x 1 , x 2 ) = γx 2 and when x 1 > 0 lim ∆x 1 →0 w 1 (x 1 − ∆x 1 , x 2 ) = γx 2 . Thus there exist two smooth functions f 1 and f 2 such that for x 1 ≥ 0
and for
Hence one can see when
and when
which imply
Similarly, we can obtain
Now we can compute the last term of (17):
by noting that n = (x 1 , x 2 )/a and R ∂Ω x 2 ds = 0. Now we apply Theorem 3, the conclusion follows.
Corollary 3.1 establishes a clear relationship between the flow energy and the rotating speed of the disk. If we want to regularize the flow behavior with a low cost, one can rotate the cylinder with the feedback speed
where
then the energy decays at any time t.
3.2.
Linearized Navier-Stokes equations. Circular cylinder wakes are typical of a class of shear flows where the instability of velocity at different spatial positions along the path of its streamwise development changes in a significant and a complicated way. It is known that in the near-wake region where there is a large velocity deficit, the local flow is typically absolutely unstable, and in the far-wake region where the velocity deficit is much smaller, the local flow is almost always connectively unstable. In this section, we will study some characteristic of the flow stability via the linearized version of the Navier-Stokes equations. For simplicity we assume in this section that the angular speed γ is a constant. Let (U, P) be a steady state (or base flow) which satisfies
Now we consider a perturbed state (U + u, P + p), which satisfies the Navier-Stokes equations. Subtracting the equations for the base flow, one can obtain the following nonlinear disturbance equations
The linearized Navier-Stokes equations around the base flow of (26)- (28) are given by
Let P be the orthogonal projection in L 2 (Ω) × L 2 (Ω) on the space H. We denote by A the linear unbounded operator in X:
, f ∈ X, is equivalent to saying that there exists p ∈ H 1 (Ω) such that
Assume that ξ ∈ X and λ ∈ C such that Aξ = λξ. This is equivalent to
Let ξ = (ξ 1 , ξ 2 ) and ξ * = (ξ * 1 , ξ * 2 ) be the adjoint eigenvector of ξ. Then from (32)-(34), one can obtain
where E(ξ) and e(ξ) are the kinetic energy and the enstrophy (of ξ) defined in section 3.1, respectively. Let
Without loss of generality, we may assume that ξ(x) = 0 when |x| is large enough. Thus according to Poincaré's inequality, we know that there exists an α > 0 such that
Thus according to (35), we have
where R(λ) is denoted to be the real part of the eigenvalue λ. This implies the following theorem:
Theorem 3.2. The operator A is closed in X and has pure point spectrum which consists of an infinite sequence of eigenvalues λ 1 , λ 2 , · · · with the real part of λ k tending to −∞. More specifically, let λ k = σ k + iν k , then we have
The sequence of eigenvectors and associated vectors of the operator A form a complete system in X and V .
Theorem 3.2 implies that there exists only a finite number of eigenvalues of A in the right half-plane. Now we discuss how the rotation affects the eigenvalues. Note the real part of λ is given by
The second term of the right-hand side is responsible for leading R(λ) to become positive when Re is getting large. Consider the base flow with a constant rotation of the cylinder:
which admits a solution Φ ∈ H 2 (Ω) × H 2 (Ω) for a given λ. Hence ξ − Φ satisfies:
A direction calculation shows
Re .
Let λ 1 be the eigenvalue with the largest real part. If the real part of
is greater than zero, we can set
to be greater than the real part of
then one can see R(λ 1 ) < 0. We now summarize above discussion:
A rotating cylinder can stabilize the flow field provided that the rotation speed is high enough. Thus, using a rotating cylinder as an active control can theoretically suppress the self-excited flow oscillations.
Hopf bifurcations.
In this section, we are interested in the loss of stability of flows past a circular cylinder as the Reynolds number Re is increased. In general, any such qualitative change in the nature of a flow is called a bifurcation.
Bifurcation phenomenon is an inherent behavior of nonlinear systems with great physical interest [5, 16, 18, 19] . There are three types of Hopf bifurcation: supercritical, subcritical, and degenerate [18, 16, 5] . For instance, a supercritical Hopf bifurcation is used to describe the first stage of transition to turbulence in fluids as postulated by Landau [17] , and a subcritical Hopf bifurcation occurs for flows that exhibit an immediate transition behavior [18] . Bifurcation theory attempts to classify and characterize the properties of all solutions and allows one to describe or predict the behavior of a class of problems even when explicit computations are not possible. More importantly, bifurcation is a mechanism that controls both stability and turbulence. At a bifurcation point, stability may be lost or gained. On the other hand, turbulence sets in after a sequence of certain bifurcations. That is, bifurcations form the machinery of structural changes.
Assume for a fixed Reynolds number Re, R(λ 1 ) = 0, and all other eigenvalues are in the left half-plane. It can be verified that in this case
unless
≡ 0. Furthermore the eigenvalue λ 1 crosses the imaginary axis with nonzero speed. Thus a Hopf bifurcation occurs, and a time-periodic solution appears, which corresponds to so called steady von Kármán vortices. Let us decompose the bifurcating solution u into a real-valued orthogonal sum
where (v, ξ * ) = 0. Projecting the Navier-Stokes equation (26) along the adjoint eigenvector ξ * and using expression (41), we have
A direction calculation yieldṡ
According to Theorem 3.3, we have:
The Hopf bifurcation of flow past a circular cylinder is determined by the two-dimensional system (42). The transition from steady flow to periodic flow can be delayed by rotating the cylinder.
Drag reduction.
The force on the surface of the cylinder per unit area ( Figure 3 ) is given by
where σ is a matrix called the stress tensor, and σ = 2μD(u) ( 4 4 ) and D is the rate of deformation tensor:
where u satisfies the Navier-Stokes equations:
and g is the control acting on the boundary of the cylinder. The work needed to overcome the drag exerted on the cylinder is given by Force on the cylinder surface per unit area F (x, t) = −p(x, t)n + σ(x, t)n.
Let w = u − U ∞ then the work can be expressed as
It is not difficult to verify analytically that the above expression implies the sum of the initial kinetic energy, and the work due to the drag is equal to the sum of the final kinetic energy, the energy dissipated due to the friction, and the work done by the control on the boundary. Note that w satisfies
Thus the drag reduction is an optimization problem:
Lemma 3.1.
[8] The work needed to overcome the drag exerted on the cylinder is W = ρ (E(w(T )) − E(w(0))) + 2μ
Applying Theorem 3.1 and above lemma, we have:
Theorem 3.5. When there is no control action, that is g ≡ 0, the work needed to overcome the drag exerted on the cylinder is W = −2μ
where J(u) = J(u 1 , u 2 ) is the Jacobian of u 1 and u 2 , J(u) = J(u 1 , u 2 ) = det
• due to incompressibility, thus J(u) is always nonnegative. Now applying Theorem 3.1, the conclusion follows. Now applying Corollary 3.1, we have:
Theorem 3.6. If the cylinder is rotated, that is, g = γ(t)(x 2 , −x 1 ), then we have
Theorem 3.6 indicates that cylinder rotation may not completely eliminate the drag caused by friction, consistent with the intuition.
4. Summary. In this paper we present some quantitative results for showing how flow velocity is affected by a rotating cylinder. The obtained results reveal that a proper rotation of a cylinder can regularize the flow behavior and lead to a drag (exerted on the cylinder) reduction, which are consistent with the known experimental results (e.g. [9] , [26] ).
